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1 The matrix M represents the sequence of two transformations in the x-y plane given by a stretch parallel to the x-axis, scale factor k ( )k 0! , followed by a shear, x-axis fixed, with (0, 1) mapped to (k, 1).
 (a) Show that k kM 0 1= e o. [4]

 ............................................................................................................................................................
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 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) The transformation represented by M has a line of invariant points.
  Find, in terms of k, the equation of this line. [3]
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 The unit square S in the x-y plane is transformed by M onto the parallelogram P.
 (c) Find, in terms of k, a matrix which transforms P onto S. [1]

 ............................................................................................................................................................
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 (d) Given that the area of P is k3 units2 2 , find the possible values of k. [2]  
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2 Prove by mathematical induction that, for all positive integers n, 
( )tanx x x xP 1d

d n
n

n
n1 2= +- -` `j j ,

 where ( )P xn  is a polynomial of degree n 1- . [6]
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3 The quartic equation x x2 1 04 3+ - =  has roots , , ,a b c d .
 (a) Find a quartic equation whose roots are , , ,4 4 4 4a b c d  and state the value of 4 4 4 4a b c d+ + + . [5]
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 (b) Find the value of 5 5 55a b c d+ + + . [3]
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 (c) Find the value of 8 8 8 8a b c d+ + + . [2]
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4 (a) Use the method of differences to find ( ) ( )r k r kk5 5 55
r

n

1 + + +=
/  in terms of n and k, where k is a 

positive constant. [4] 
 ............................................................................................................................................................
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 It is given that ( ) ( )r k r kk5 5 55 31r 1 + + + =3

=
/ .

 (b) Find the value of k. [2]
 ............................................................................................................................................................
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 ............................................................................................................................................................
 ............................................................................................................................................................
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 ............................................................................................................................................................

 (c) Hence find ( ) ( )r k r kk5 5 55
r n

n2

+ + +=
/  in terms of n. [2]         

 ............................................................................................................................................................
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5 (a) Show that the curve with Cartesian equation
x y xy62 2 2+ =` j

  has polar equation sinr 3 22 i= . [2]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 The curve C has polar equation sinr 3 22 i= , for r0 21G Gi .
 (b) Sketch C and state the maximum distance of a point on C from the pole. [3] 

 ............................................................................................................................................................
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 (c) Find the area of the region enclosed by C. [2]
 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................

 (d) Find the maximum distance of a point on C from the initial line. [6]
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6 The curve C has equation y x x
x x

2 7 3
4 1

2
2= - +

+ + .
 (a) Find the equations of the asymptotes of C. [2]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Find the coordinates of any stationary points on C. [4]
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 ............................................................................................................................................................
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 (c) Sketch C, stating the coordinates of any intersections with the axes. [5]

 ............................................................................................................................................................
 (d) Sketch the curve with equation y x x

x x
2 7 3
4 1

2
2= - +

+ +  and state the set of values of k for which 

x x
x x k2 7 3

4 1
2
2
- +
+ + =  has 4 distinct real solutions. [2]

 ............................................................................................................................................................
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7 The lines l1  and l2  have equations ( )r i j k i j k3 2 2m= + - + + +  and ( )r i j k i j k2 9 4 2n= + +- + -  respectively. The plane 1P  contains l1  and is parallel to l2 .
 (a) Find the equation of 1P , giving your answer in the form ax by cz d+ + = . [4]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 The plane 2P  contains l2  and the point with coordinates ( , , )2 1 7- .
 (b) Find the acute angle between 1P  and 2P . [4]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
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 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000014 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN
 TH

IS M
AR

GIN



15

9231/11/O/N/24© UCLES 2024

 The point P on l1  and the point Q on l2  are such that PQ is perpendicular to both l1  and l2 .
 (c) Find a vector equation for PQ. [7]

 ............................................................................................................................................................
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